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TIME-DEPENDENT SYSTEMSTIME-DEPENDENT SYSTEMS

Example: atom in laser field

ˆ H     =  ˆ T e +  ˆ W ee +
j =  1

N

∑(t) +  E ·rj·cos t

Weak  laser (vlaser(t) << ven) :

Calculate   1. Linear density response 1(r t)
       2. Dynamical polarizability

 
       3.  Photo-absorption cross section 

Strong  laser (vlaser(t) > ven) :

Aim: “Replace” full TDSE by TDKS scheme

  
( ) = −

e

E
   z 1

r 
r ,( )d3r

( ) =  −
4

c
 Im  

Ze2

rj



The time-dependent density of the interacting
system of interest can be calculated as density

of an auxiliary non-interacting (KS) system

 with the local potential

HK theorem: v r t( )      
1 - 1

     r t( )

E. Runge, E.K.U.G., Phys. Rev. Lett. 52, 997 (1984)

The time-dependent density determines
uniquely the time-dependent external
potential and hence all physical observables

KS theorem: 

r t( )  =
2

j r t( )
j =  1 

N

∑

    
ih ∂

∂t
ϕ j rt( ) = − h2∇2

2m + vKS ρ[ ] rt( ) 
 

 
 ϕ j rt( )

  
vKS ρ r' t'( )[ ] rt( )= v rt( )+  d3r'

ρ r' t( )
r − r' + vxc[ (r’t’)](r t)

Time-dependent density-functional formalismTime-dependent density-functional formalism



Simplest possible approximation for vxc[ ](     )    
r r  t

Adiabatic Local Density Approximation (ALDA)

  
vxc

ALDA r 
r  t( ) :=  vxc ,stat

hom n( ) 
  n= (

r 
r  t )

 

vxc, stat
hom

= xc potential of static homogeneous
   e-gas

Approximation with correct asymptotic -1/rApproximation with correct asymptotic -1/r
behavior: time-dependent optimized effectivebehavior: time-dependent optimized effective
potentialpotential
C. A. C. A. UllrichUllrich, U. , U. GossmannGossmann, E.K.U.G., PRL , E.K.U.G., PRL 7474, 872, 872
(1995)(1995)



Time-dependent DFT in the linear
response regime and excited states

Time-dependent DFT in the linear
response regime and excited states

For times  t  tFor times  t  t00 : :

System in ground state of     v0 (r)
Density is the ground-state density  0 (r)

For times  t > tFor times  t > t00 : :
Total external potential:  v (r t) = v0 (r) + v1 ( r t)

(with v1 (r t0) = 0)
    density:  (r t) = 0 (r) + (r t)

(r t) = 1(r t) + 2(r t) + 3(r t) +  · · · ·

linear      second order . . . density response to
the perturbation v1 



Standard Response Equation

  ρ1(r t) =   d ′ t  d 3 ′ r  v1( ′ r  ′ t )(r t,r’t’)

full response function of the interactingfull response function of the interacting
(inhomogeneous) system(inhomogeneous) system

  very hard to calculatevery hard to calculate

KS - Alternative

  ρ1(r t) =   d ′ t  d 3 ′ r   vs
(1)( ′ r  ′ t ) s(r t,r’t’)

response function of the response function of the noninteractingnoninteracting
(KS) system(KS) system

  relatively easy to calculaterelatively easy to calculate

  

vs
(1)(r t) =  v1(r t) +  vH

(1)(r t)  +  vxc
(1)(r t)

   =  v1(r t) +   d3 ′ r w(r, ′ r )ρ1( ′ r  t)+   d ′ t   d3 ′ r ρ1( ′ r ′ t )fxc(r t,r’t’)

fxc(r t,r’t’)  is the 1st-order term in a functional

Taylor expansion of vxc[ρ](r t) around ρ0(r):

self-consistentself-consistent

vxc[ρ](r t) = vxc[ρ0](r t) +   dt’   d3r’                     (ρ(r’t’) - ρ0(r’))
δvxc(r t)
δρ(r’t’)

ρ=ρ0

Note: This  is an Note: This  is an exactexact representation of the linear density response representation of the linear density response



Standard linear response formalismStandard linear response formalism

H(tH(t00) = full static ) = full static Hamiltonian Hamiltonian at tat t00

full response functionfull response function  

  H t0( ) m =Em m   exact many-body  exact many-body
          eigenfunctionseigenfunctions and and
     energies of system     energies of system

r, r';( ) =
→0 +

lim
0  ˆ  r( )   m  m  ˆ  r'( )  0

− Em − E0( ) + i

 

 
 
 

m
∑

−
0  ˆ  r'( )   m  m  ˆ  r( )  0

+ Em − E0( ) + i

 

 
 
 

 The exact linear density response The exact linear density response

     has poles at the exact excitation energies     has poles at the exact excitation energies
           = E = Emm - E - E00    

1 ( ) =  ( ) v1 ( )^

goal:goal: Use the TDDFT representation of  Use the TDDFT representation of 

11(( ) to calculate the excitation) to calculate the excitation
energies:energies:

   = E = Emm + E + E00  



Excitation energies from TDDFTExcitation energies from TDDFT

exact representation of linear density response:

  
ρ1 ω( ) = ˆ χ KS ω( ) v1 ω( )+ ˆ W ρ1 ω( ) + ˆ f xc ω( )ρ1 ω( )( )

“^” denotes integral operators

       i.e.     
ˆ f xcρ1 ≡ fxc∫ r 

r ,
r 
r '( )ρ1

r 
r '( )d3r'

where

with
    
ˆ χ KS

r r ,r r '; ω( ) =
Mjk

r 
r ,

r 
r '( )

ω − ε j −εk( ) + iηj,k
∑

    M jk
r r ,r r '( ) = fk −f j( )ϕ j

r r ( )ϕ j
* r r '( )ϕk

r r '( )ϕk
* r r ( )

  
fm =

 1  if  ϕm  

0  if  ϕm 

 
 
 

  ε j −εk KS excitation energy

is occupied in KS ground state

is unoccupied in KS ground state



  
ˆ 1 − ˆ χ KS ω( ) ˆ W Clb + ˆ f xc ω( )[ ]( )ρ1 ω( )= ˆ χ KS ω( )v1 ω( )

ρρ11((ωω)  )  →→  ∞∞  for    for  ωω  →→  ΩΩ  (exact excitation energy) but  (exact excitation energy) but
right-hand side remains finite for right-hand side remains finite for ωω  →→  ΩΩ

hence

  
ˆ 1 − ˆ χ KS ω( ) ˆ W Clb + ˆ f xc ω( )[ ]( )ξ ω( ) = λ ω( )ξ ω( )

λλ((ωω)  )  →→ 0  for   0  for  ωω  →→  ΩΩ

This condition rigorously determines the exactThis condition rigorously determines the exact
excitation energies, i.e.,excitation energies, i.e.,

  
ˆ 1 − ˆ χ KS Ω( ) ˆ W Clb + ˆ f xc Ω( )[ ]( )ξ Ω( ) = 0



This equation is rigorously equivalent to:

(See T. Grabo, M. Petersilka, E. K. U. G., J. Mol. Struc.
(Theochem) 501, 353 (2000))

  
Aqq' Ω( ) +ω qδqq '( )βq' =

q'

∑  Ωβq

where

  

Aqq' =αq ' d3r∫ d3r∫ ' Φq r( )

1
r − r'

+ fxc r ,r', Ω( ) 
 

 
 Φq ' r'( )

  q = j,k( )

  Φq r( ) =ϕk
* r( )ϕ j r( )

  αq = fk − f j

  ωq =εk −ε j

double index



Single-pole approximationSingle-pole approximation

Expand all quantities about one KS pole

  
ε j0 − εk0

( )

  
ˆ χ KS ω( ) ≈

Mj0k0

ω − ε j0
− εk0

( )+ iη
 +  higher order terms

  Ω = ε j0 −εk0
( ) +K

  

K ≈ d3r d3r'∫∫ ϕ j0
r( )ϕ j0

* r'( )ϕk0
r'( )ϕk0

* r( )⋅

1
r − r'

+ fxc r,r'( ) 
 

 
 

⇒











Dielectric Function Zinc Dielectric Function Zinc selenide selenide ((ZnSeZnSe))
KootstraKootstra, de , de BoeijBoeij, , SnijdersSnijders, Phys. Rev. B , Phys. Rev. B 6262, 7071 (2000), 7071 (2000)

Experimental data taken from: Experimental data taken from: J.L.J.L. Freelouf Freelouf, Phys. Rev. B , Phys. Rev. B 77, 3810, 3810
(1973)(1973)



Failures of ALDA in the

linear response regime

Failures of ALDA in the

linear response regime

• H2 dissociation is incorrect:

    (in ALDA)

(see: Gritsenko, van Gisbergen, Görling, Baerends,
J. Chem. Phys. 113, 8478 (2000))

  
E 1Σu

+( )−E 1Σg
+( )  R→∞ →     0

• response of long chains strongly
overestimated
(see: Champagne et al., J. Chem. Phys. 109, 10489
(1998) and 110, 11664 (1999))

• in periodic solids,

whereas, for insulators,

divergent.
  fxc

exact   q→0 →    1 q2
  fxc

ALDA q,ω,ρ( )= c ρ( )



•• Not free from spurious self-interactionsNot free from spurious self-interactions
KS potential decays more rapidly than rKS potential decays more rapidly than r-1-1

ConsequencesConsequences:: –  no –  no Rydberg Rydberg seriesseries
–  negative atomic ions not bound–  negative atomic ions not bound
–  ionization potentials (if–  ionization potentials (if
    calculated from highest     calculated from highest 
    occupied orbital energy) too     occupied orbital energy) too 
    small    small

•• Dispersion forces cannot be describedDispersion forces cannot be described

WWintint  (R)           e(R)           e-R-R  (rather than R  (rather than R-6-6))

•• band gaps too small:band gaps too small:
      EEgapgap

LDALDA   0.5  0.5 EEgapgap
expexp

•• Cohesive energies of bulk metals notCohesive energies of bulk metals not
satisfactorysatisfactory

in LDA overestimatedin LDA overestimated
in GGA underestimatedin GGA underestimated

•• Wrong ground state for strongly correlatedWrong ground state for strongly correlated
solids, solids, e.g. e.g. FeOFeO, La, La22CuOCuO44 predicted as metals predicted as metals

DEFICIENCIES OF LDA/GGADEFICIENCIES OF LDA/GGA



3 generations of approximations for Exc  

1.  Local Density Approximation:

L D A

2. Generalized Gradient Approximation:

G G A

3. Orbital functionals:

    (Optimized Effective Potential Method: OPM, OEP)

  Exc ρ[ ] =   d3r exc
hom ρ r( )( )

    Exc ρ[ ] =   d3r gxc ρ,∇ρ,K( )

    Exc
OPM =   Exc ϕ1KϕN[ ]



Apply HK theorem to non-interacting particles

ρ given   ⇒    vs = vs[ρ]   ⇒    (–        + vs[ρ](r))ϕi (r) = i ϕi (r) 

 ϕi = ϕi[ρ],    i = i[ρ] 

∇2

2

consequence:

Any orbital functional, Exc[ϕ1 ,ϕ2 …], is an (implicit) density
functional provided that the orbitals come from a local (i.e.,
multiplicative) potential.

“optimized effective potential”  ≡  KS  xc  potential

  
vxc

OPM r( )= δ
δρ r( ) Exc ϕ1...ϕN[ ]

  
v xc

OPM r( ) =   d3r'  d 3r''  
j

∑ δExc

δϕ j r'( )  
δϕ j r'( )
δvs r ''( )  

δv s r''( )
δρ r( )   +   c.c.

KS
-1(r'',r)

act with χKS  on equation: 

  
χKS r,r '( )vxc

OPM r'( ) d3r' =   d3r ' 
j

∑ δExc

δϕ j r'( )  
δϕ j r'( )
δvs r( )  +  c.c.

⇒

OPM integral equation
known functional of { j}



OPM integral equation

∑     d3r’ ( Vxc,σ
OPM(r') – uxc,iσ(r'))K iσ(r,r')ϕiσ(r)ϕiσ*(r') + c.c. = 0

where K iσ(r,r') = ∑

and    uxc,iσ(r) :=              ·

ϕkσ*(r)ϕkσ(r')

ks – is

∞
k = 1
k ≠ i

    1           δExc [ϕ1σ ...]
ϕiσ*(r)              δϕiσ(r) 

to be solved simultaneously with KS equation:

(–      + vo(r) +              + Vxc,σ
OPM(r))ϕjσ(r) = jσ ϕ jσ(r)  ∇ 2                              _ (r')

2                      r - r'

Nσ

i = 1



Total absolute ground-state energies for first-row atoms
from various self-consistent calculations.  All numbers in
hartree. (OPM values from T. Grabo, E.K.U.G., Chem. Phys.
Lett. 240, 141 (1995))

OPM BLYP PW91 QCI EXACT

  He
  Li
  Be
  B
  C
  N
  O
  F
  Ne

2.9033
7.4829

14.6651
24.6564
37.8490
54.5905
75.0717
99.7302

128.9202

2.9071
7.4827

14.6615
24.6458
37.8430
54.5932
75.0786
99.7581

128.9730

2.9000
7.4742

14.6479
24.6299
37.8265
54.5787
75.0543
99.7316

128.9466

2.9049
7.4743

14.6657
24.6515
37.8421
54.5854
75.0613
99.7268

128.9277

2.9037
7.4781

14.6674
24.6539
37.8450
54.5893
75.067
99.734

128.939

  ∆ 0.0047 0.0108 0.0114 0.0045

Comparison:

  

∆ LDA( )= 0.383
∆ HF( )= 0.177

∆•   : Mean absolute deviation from the exact
nonrelativistic values.

• QCI: Complete basis set quadratic configuration-
interaction/atomic pair natural orbital model: J.A.
Montgomery, J.W. Ochterski, G.A. Petersson, J.
Chem. Phys. 101, 5900 (1994).

• EXACT: E.R. Davison, S.A. Hagstrom, S.J.
Chakravorty, V.M. Umar, C. Froese Fischer, Phys.
Rev. A 44, 7071 (1991).

Approximation employed for Exc:

Ex[ 1 … N] = exact Fock term
Ec[ 1 … N] = Colle-Salvetti functional



Total absolute ground-state energies for second-row
atoms from various self-consistent calculations.  All
numbers in hartree. (OPM values from T. Grabo, E.K.U.G.,
Chem. Phys. Lett. 240, 141 (1995))

OPM BLYP PW91 EXPT

  Na
  Mg
  Al
  Si
  P
  S
  Cl
  Ar

162.256
200.062
242.362
289.375
341.272
398.128
460.164
527.553

162.293
200.093
242.380
289.388
341.278
398.128
460.165
527.551

162.265
200.060
242.350
289.363
341.261
398.107
460.147
527.539

162.257
200.059
242.356
289.374
341.272
398.139
460.196
527.604

  ∆ 0.013 0.026 0.023

∆•   : Mean absolute deviation from Lamb-shift
corrected experimental values, taken from R.M.
Dreizler and E.K.U.G., Density functional theory: an
approach to the quantum many-body problem
(Springer, Berlin, 1990)).
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M.Städele,M.Moukara,J.A.Majewski,andP.Vogl and A.
Görling, PRB 59, 10031 (1999)

  Ex
exact +Ec

LDA
functional:



A.Fleszar, PRB 64, 245204 (2001)
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Orbital functionals for

the static xc energy

derived from TDDFT



ADIABATIC CONNECTION FORMULA

= Hamiltonian of fully interacting system

Choose  vλ(r) such that for each λ the ground-
state density satisfies rλ(r) = rλ=1(r)

Hence  vλ=0(r) = vKS(r)
 vλ=1(r) = vnuc(r)

Determine the response function χ(λ)(r,r';ω)
corresponding to  H(λ),  Then

  

H    ( )= T+ v    ri( )
i=1

N

∑ +    e2

2
1

ri − rki,k=1
i≠k

N

∑

  

H        ( )= T+ v nuc ri( )
i=1

N

∑  +  e2

2
1

ri − rki,k=1
i≠k

N

∑

l
l

l 0  l  

l =1

  
Exc = −   dλ   du

2π   d3r  d3r' e2

r − r'
χ λ( ) r,r';iu( )+ρ r( )δ r − r'( ){ }

0

1

0

∞



Second ingredient :     TDDFT

truncate after first iteration:

plug this approoximation into adiabatic
connection formula,
integrations over  and  can be done
analytically

 Orbital functional for Ec

( )  s  +  s [  Wclb + fxc
( )] s

  

ρ1 = χs vs,1 = χs v1 + Wclb + fxc[ ]ρ1( )
ρ1 = χv1

  χv1 =χs v1 + Wclb + fxc[ ]χv1( )

  χ= χs +χs Wclb + fxc[ ]χ



rs-dependent deviation of approximate
correlation energies from the ‘‘exact’’
correlation energy per electron of the uni-form
electron.

M. Lein, E. K. U. G., J. Perdew, Phys. Rev. B 61, 13431 (2000).



truncate after first iteration:

plug this approoximation into adiabatic
connection formula, integrations over 
and  can be done analytically

 Orbital functional for Ec

( )  s  +

s [  Wclb + fxc
( )] s



Resulting Atomic Correlation energies (in a.u.)

  -0.042

  -0.096

  -0.394

  -0.72

  -0.048

  -0.13

  -0.41

  -0.67

-0.111

-0.224

-0.739

-1.423

He

Be

Ne

Ar

exactnew
fctl

LDAatom



Resulting v.d.W. coefficients C6

Lein, Dobson, EKUG, J. Comp. Chem. (‘99)

system Calculated C6 experiment

He-He 1.639 1.458

He-Ne 3.424 3.029

Ne-Ne 7.284 6.383

Li-Li 1313 1390

Li-Na 1453 1450

Na-Na 1614 1550

H-He 2.995 2.82

H-Ne 5.976 5.71

H-Li 64.96 66.4

H-Na 75.4 71.8



Review articles on time-dependent

DFT/excitation energies, and OPM

Review articles on time-dependent

DFT/excitation energies, and OPM

Density-functional theory of time-dependent
phenomena.  E. K. U. Gross, J. F. Dobson. M.
Petersilka, in:  Topics in Current Chemistry, vol.
181, edited by R. Nalewajski (Springer, 1996),
p. 81-172

A guided tour of time-dependent DFT. K. Burke, E.
K. U. Gross, in:Springer Lectures Notes in
Physics, vol. 500 (1998), p. 116-146

Orbital functionals in density functional theory: the
optimized effective potential method.  T. Grabo,
T. Kreibich, S. Kurth, E.K.U. Gross, in: Strong
Coulomb Correlations in Electronic Structure:
Beyond the LDA, edited by V.I. Anisimov
Gordon & Breach (2000), p. 203-311.



OUTLINE

1. Relativistic theory of superconductivity

2. Dichroism in Superconductors

http://www.physik.fu-berlin.de/~ag-gross

CO-WORKERS

Klaus Capelle
Balazs Györffy

DICHROISM IN THE

FREQUENCY-DEPENDENT RESPONSE

OF SUPERCONDUCTORS

E. K. U. GROSS
Freie Universität Berlin





non-relativistic order parameter

homogeneous case:

spherical case:

general case:

    χ
r 
k = ˆ a r k ↑ ˆ a −r 

k ↓

  χl,m = ˆ a ↑l,m ˆ a ↓l,−m

  χ= ˆ a state  ˆ a time−reversed state

require relativistic generalization of order 
Parameter to be a Kramers pair

(Kramers pair)

with time reversal operator

Resulting relativistic order parameter           is
Lorentz scalar

  ̂  χ rel r,r'( ) = ˆ Ψ t r( )T ˆ Ψ r'( )

  
T = γ1γ3 =

iσy 0
0 iσy

 
 

 
 

  ̂  χ rel

  

ˆ H rel =  d3r ˆ Ψ r( ) cγ ⋅ −i∇( )+ mc2 + γ νA
ν( ) ˆ Ψ r( )

−  d3r  d3r' ∆* r,r'( ) ˆ χ rel r,r'( )+H.C.( )





uniform system:

no magnetic fields:     
r 
A r( ) ≡0

  v r( )= const ≡0

  
∆ r,r '( )=∆ r − r'( )=    d3k

2π( )3 ∆ k( )e ik r−r'( )

⇒ spectrum

    
Ek =± ± h2k2c2 + m2c4 −mc2 −µ( )2

+ ∆ k( ) 2

    

Ek ∆→0 →   
Ek hk<<mc →    

Dirac spectrum (for particles and holes)

BCS spectrum

special case





What kind of effects should one look at?

Type 1: relativity provides correction to effect
which exists non-relativistically

e.g.
• Cooper pair mass/London moment
• Shift in energy spectrum

Type 2: relativity produces effect which is not
present non-relativistically

e.g.
• Dichroism
• SOC induced Josephson currents



What is circular dichroism?

PL/R(ω) = power absorption of  L/R  circularly
    polarized light with frequency  w

The occurrence of  ∆P(ω) ≡ PL(ω) - PR(ω) ≠ 0
is called circular dichroism.

Where is dichroism observed?

A:  materials where parity is broken (sugar)

B:  simulations where time-reversal symmetry is
broken

1.  either by an external magnetic field
2.  or by an “internal” magnetic field

     (due to ferromagnetic order)

type B dichroism is a relativistic effect.



Outline of the calculations:

unperturbed system: inhomogeneous superconductor
• described by Spin-Bogolubov-de Gennes equations

time-dependent perturbation: polarized light
• treated with golden rule for superconductors

stationary perturbations: diagonal spin-orbit coupling
off-diagonal spin-orbit
   coupling
external magnetic field

• treated with 1st order stationary perturbation theory

Result:

power absorption in superconductors as
a function of

frequency ω
polarization ∈
temperature Τ
magnetic field Η



K. Capelle, E.K.U.G., B. L. Györffy, Phys.Rev. Lett.  78, 3753 (1997)



K. Capelle, E.K.U.G., B. L. Györffy, Phys.Rev. Lett.  78, 3753 (1997)



Further details on the relativistic framework

• K. Capelle, E.K.U.G., Phys.Lett. A198, 261 (1995)
• K. Capelle, E.K.U.G., Phys.Rev. B 59, 7140 (1999)

& 7155 (1999)

Further details on dichroism in superconductors

• K. Capelle, E.K.U.G., B. L. Györffy, PRL 78, 3753
(1997)

• K. Capelle, E.K.U.G., B. L. Györffy, Phys.Rev. B 58,
473 (1998)


