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TIME-DEPENDENT SYSTEMS |

Example: atom in laser field

®
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Weak laser (v, (t) <<v_):

Calculate 1. Linear density response p,(r t)

2. Dynamical polarizability
e

a(w)=- = j 20,(F o )dr

3. Photo-absorption cross section

o(w) = -%Twlmoc

Strong laser (v,,...(t)>v,):

Aim: “Replace” full TDSE by TDKS scheme



Time-dependent density-functional formalism |

E. Runge, E.K.U.G., Phys. Rev. Lett. 52, 997 (1984)

1-1
HK theorem: V(I’t) — p(l’ t)

The time-dependent density determines
uniquely the time-dependent external
potential and hence all physical observables

KS theorem:
The time-dependent density of the interacting
system of interest can be calculated as density

o(rt) = cpj(l‘ ’[)‘2

of an auxiliary non-interacting (KS) system

ingkj ()= &= S+ v [r](re))

j=1

with the local potential

't
va[r (r t')](rt): v(rt)+ Jd%' %r—r)l + v [p(t)](rt)



Simplest possible approximation for v_.[p](Tt)

Adiabatic Local Density Approximation (ALDA)

ALDA [/ — L hom
Ve (r t) " ch,stat n)
n=p(rt)
hom . .
V,c gat = Xc potential of static homogeneous
e-gas

Approximation with correct asymptotic -1/r
behavior: time-dependent optimized -effective
potential

C. A. Ullrich, U. Gossmann, E.K.U.G., PRL 74, 872
(1995)




Time-dependent DFT in the linear
response regime and excited states

For times t=<t¢,:

System in ground state of Vv, (1)
Density is the ground-state density p, (r)

For times t>¢,:

Total external potential: v(rt)=v,(r)+v,(rt)
(with v, (r t)) =0)
density: p (r t) = p, (r) + op(r t)

op(r t) = ptl(r t) + p%(r )+ py(rt)+ -

linear second order ... density response to
the perturbation v,



Standard Response Equation

r,(rt) :J dt ﬁd 3rqi)((r t,r’t’j) v (r®9

full response function of the interacting
(inhomogeneous) system

—> very hard to calculate

KS - Alternative

|-> r,(rt) :Jdtfii3rqé(8(r t,r’t’})vs(l)(rq:t(B
Y

self-consistent

!

v (rt)

response function of the noninteracting
(KS) system

—> relatively easy to calculate

vi(rt) + v(rt) + vil(rt)

=0 [t 66+ fefre e oer 69

f . (rtyr’'t’) isthe 1%-order term in a functional

Taylor expansion of v, [r ](r t) around r ,(r):

Ve[ 1t t) = v [rol(r t) +Jdt’ Jd%’ Qv (rt)

(F (") - 1o(1’))

r=r,

dr (r’t”)

Note: This is an exact representation of the linear density response



Standard linear response formalism

H(t,) = full static Hamiltonian at ¢,

H(t0)|m) =E_,|m) < exact many-body
eigenfunctions and
energies of system

full response function

0P (1) [m)y {m o ()| 9
_ \ /\ [
drntio) =lima g e Te e
{olp (1) [m) {m 5 (r) | 0)2
o+(E,- B)+in

=> The exact linear density response
A
Py () =% (w) v ()

has poles at the exact excitation energies
Q - Em = EO

goal: Use the TDDFT representation of
p;(w) to calculate the excitation

energies:

Q=E_+E,




| Excitation energies from TDDFT I

exact representation of linear density response:

(W) = s (W)(v, (w) + Wr , () +,c (wr, (w))

“” denotes integral operators
1.€. f’:xcr 1 0 (\fxc(f:fl )r 1(_I:I)d3rI

. o M, (77)
C (T, T W) = .
where KS(r I ) ﬂ.{ W- (ej_ ek) +ih

with
M (7,7) =(fic - £3)i (E) 5@ (@) ()

1 if | ., isoccupied in KS ground state

0 if _. m 1S unoccupied in KS ground state

€,- € KS excitation energy



(i Exs W) Wy + . (W)])r1 (W) = Bics (W)v, W,

r(w) ® ¥ for w® W (exact excitation energy) but
right-hand side remains finite forw ® W

hence
(i - Cxs (W)[me +fXC(W)])X(W) =1 (w)x(w)
| (W) ® 0 for w® W

This condition rigorously determines the exact
excitation energies, 1.e.,

(i - Cxs (\/V)[Wcu) +f,, (VV)])X(\M =0



This equation is rigorously equivalent to:

(See T. Grabo, M. Petersilka, E. K. U. G., J. Mol. Struc.
(Theochem) 501, 353 (2000))

q= (j,k) double index
Fo(1)=j «(1)j (1)
a, =t - 1

W, =€ - &



| Single-pole approximation I

Expand all quantities about one KS pole
(eb = eko)

~ Mjoko

+ higher order terms

W - (ejo- ek0)+1h
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Figure 3.3: Errors of singlet sxcitation energies from the ground state of Be, caleunlated from
the ercurate, the OEP-8IC and x-only KLI exchange cnrrelation potential and with different
appraximations for the exchange-correlation kernel (see text). The errors are piven in mHartrees.
To guides the aye, the arrors of the discrete sxcitation energies were connected with lines,



Dielectric Function Zinc selenide (ZnSe)
Kootstra, de Boeij, Snijders, Phys. Rev. B 62, 7071 (2000)

12.5 Theory —— —
Experiment ----
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Experimental data taken from: J.L. Freelouf, Phys. Rev. B 7, 3810
(1973)



* H, dissociation is incorrect:
E(lsz ) - E(IS;) Y5640 0 (in ALDA)

(see: Gritsenko, van Gisbergen, Gorling, Baerends,
J. Chem. Phys. 113, 8478 (2000))

* response of long chains strongly
overestimated

(see: Champagne et al., J. Chem. Phys. 109, 10489
(1998) and 110, 11664 (1999))

* in periodic solids, in‘LDA(q,W,I‘ ): C(I’)

whereas, for insulators, fox YR l/q2

divergent.



DEFICIENCIES OF LDA/GGA |

e Not free from spurious self-interactions
KS potential decays more rapidly than r

Consequences: — no Rydberg series
— negative atomic ions not bound
— lonization potentials (if
calculated from highest
occupied orbital energy) too
small

* Dispersion forces cannot be described

W. . (R) eR (rather than R9)

* band gaps too small:

LDA _ exp
Eyop'?2 =05 E,,,

* Cohesive energies of bulk metals not
satisfactory

in LDA overestimated
in GGA underestimated

 Wrong ground state for strongly correlated
solids, e.g. FeO, La,CuQ, predicted as metals



3 generations of approximations for E__

1. Local Density Approximation:

E.|r]= 431’ el (r (1))

L D A

2. Generalized Gradient Approximation:

Exc[r] = cfr gXC(r Nr ,)
G G A

3. Orbital functionals:
OPM __ : -
Ew = E.j 1. «]

(Optimized Effective Potential Method: OPM, OEP)



Apply HK theorem to non-interacting particles
: N2 . .
rgiven P vo=vfr] b (== +v[rlmn) =]
Ji=lilrl, &=6lr]

conscquence.

Any orbital functional, E_[] .| ,...], 1s an (implicit) density
functional provided that the orbitals come from a local (i.e.,
multiplicative) potential.

“optimized effective potential” © KS xc potential

vsz(r):dr—d(r)Excn g ]

b

o d (1
J\CKs(T,r')ngM (r') d’r =a Jd3r' C.IEXC | (r) + cc.
j .

OPM integral equation g

known functional of {cpj}



OPM integral equation

N
é ISJ\CPI', ( VXC,SOPM(T') o uxc,is (I"))K is(r,r')j is (I')J iS*(I") +c.c.=0

1=

¥ J ks*(r)j ks (I")
1 E.— S

1 : S 1S

where K (r,1') = &,
k

1 dExc[j 1S ]
and u ()= [ 5O d (1)

to be solved simultaneously with KS equation:

N/ ' . ]
(— % + v, (1) +J|-;% T Vs OMD) () =€) 15(0)



Total absolute ground-state energies for first-row atoms
from various self-consistent calculations. All numbers in
hartree. (OPM values from T. Grabo, E.K.U.G., Chem. Phys.
Lett. 240, 141 (1995))

OPM BLYP PWO1 QCI EXACT
He | 29033 | 29071 2.9000 |  2.9049 2.9037
i 7.4829 |  7.4827 7.4742 | 7.4743 7.4781
14.6651 | 14.6615 | 14.6479 | 14.6657 | 14.6674
24.6564 | 24.6458 | 24.6299 | 24.6515 | 24.6539
37.8490 | 37.8430 | 37.8265 | 37.8421 | 37.8450
54.5905 | 54.5932 | 54.5787 | 54.5854 | 54.5893
75.0717 | 75.0786 | 75.0543 | 75.0613 | 75.067
99.7302 | 99.7581 | 99.7316 | 99.7268 | 99.734
e | 128.9202 | 128.9730 | 128.9466 | 128.9277 | 128.939
D 0.0047 | 0.0108 0.0114 |  0.0045
Comparison: D(LDA)=0.383
D(HF)=0.177

O : Mean absolute deviation from the exact
nonrelativistic values.

e QCI: Complete basis set quadratic configuration-
interaction/atomic pair natural orbital model: J.A.
Montgomery, J.W. Ochterski, G.A. Petersson, J.
Chem. Phys. 101, 5900 (1994).

« EXACT: E.R. Davison, S.A. Hagstrom, S.J.
Chakravorty, V.M. Umar, C. Froese Fischer, Phys.
Rev. A 44, 7071 (1991).

Approximation employed for E__:

E [¢; ... x| = exact Fock term
E.[®; ... py] = Colle-Salvetti functional



Total absolute ground-state energies for second-row
atoms from various self-consistent calculations. All
numbers in hartree. (OPM values from T. Grabo, E.K.U.G.,
Chem. Phys. Lett. 240, 141 (1995))

OPM BLYP PW9l1 EXPT
Na | 162.256 162.293 162.265 162.257
Mg | 200.062 200.093 200.060 200.059
Al | 242.362 242.380 242.350 242.356
S1 289.375 289.388 289.363 289.374
P 341.272 341.278 341.261 341.272
S 398.128 398.128 398.107 398.139
Cl | 460.164 460.165 460.147 460.196
Ar | 527.553 527.551 527.539 527.604
D 0.013 0.026 0.023

e D: Mean absolute deviation from Lamb-shift

corrected experimental values, taken from R.M.
Dreizler and E.K.U.G., Density functional theory: an

approach to the quantum many-body problem

(Springer, Berlin, 1990)).
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Table 3
Ionization potentials from the highest occupied orbital energy of neutral atoms. /A denotes
the mean absolute deviation from the experimental values, taken from [56]. All values in

atomic units. Taken from [31] and modified. 66“‘

oPM et

KLICS xcLDA BLYP PWO1 experiment
He 0.945 0.570 0.585 0.583 0.903
Li 0.200 0.116 0.111 0.119 0.198
Be 0.329 0.206 0.201 0.207 0.343
B 0.328 0.151 0.143 0.149 0.305
C 0.448 0.228 0.218 0.226 0.414
N 0.579 0.309 0.297 0.308 0.534
0 0.559 0.272 0.266 0.267 0.500
F 0.714 0.384 0.376 0.379 0.640
Ne (.884 0.498 0.491 0.494 0.792
Na 0.189 0.113 0.106 0.113 0.189
Mg 0.273 0.175 0.168 0.174 0.281
Al 0.222 0.111 0.102 0.112 0.220
Si 0.306 0.170 0.160 0.171 0.300
P 0.399 0.231 0.219 0.233 0.385
S 0.404 0.228 0.219 0.222 0.381
Cl 0.506 0.305 0.295 0.301 0.477
Ar 0.619 0.382 0.373 0.380 0.579

A 0.030 . 0.176 0.183 0.177




exact LDA
functional: E X +E C

TARDLE 1. Companen of (Bsarctical LA mil EXX Kpin-Slam droemynls s fin @) and o] valence band wiilds VAW, eV
with expermmenial datn, laken from Ref, T3 axgept wheong atheryisr npand. The gup bave beun calubaied af ibe experimania| Initice confunie
anil whe given relative e the top of the vakne el 5% refers e o coloullaiion with o lecul pasiplopoleaiial. The eaperimennd daa hive
Been dormected for spin-sbal spliming effscte sipee b laner s s ieeloded el cabeilanioa

LDA EXX Ext.
4 | N VIFW F | X VW ! I’ L} VIIW

5" 1,54 270 52 277 T T L 1AM 1279 ol I 125" 115
b 1.43 250 el | 1,1%5 L Y1k 1.5 11.5%
Cig (1N now 0,75 | 2 b 1.k 1.2% 134 1145 054 1.0 e [
i 43 250 475 2.4 UNE .2y 33 21,52 7.3* 4
LinAs 00,59 i3 4 1 3.7 1] 5 L 11.3] 1.53 143 20 (KX
AlAs o &4 1.a? 1.5 ) {1 2. 11,53 14 1.1 2.2
Sai 53h il 1134 | 5,32 e 17 153 1521 T 234
Cink #.5H 1.5 (p 138 L 5.TS i e 3.9 4595 P50 ZI.I!I.:"I
Alle T.Ib 420 134 14,74 L | B 5.0 - His

“Reference 58

"Reference K

“Refercice i

Refaienes Ul

M.Stdadele,M.Moukara,J.A.Majewski,andP.Vogl and A.
Gorling, PRB 59, 10031 (1999)



TABRLE IX. Comparison of eaergy gaps between occupied and
emply staies with experiment. All energies in ¢V,

LDA  GW-LDA EXX GW-EXX Experiment

Si
o 0.5 1,19 .43 |54 Wiy
£y 155 323 329 1.57 3.35"
E\ 269 33 0 33 M 346"
£ 4352 526 5.0M 5.57 538"
E. 348 418 412 451 432"
Cie
EJgL,~F, 006 062 086 094 0,74
E, —0.07 037 (8] 0.94 0,90
El 259 317 306 340 316
E| |44 203 2.4 2.32 203
Es 375 431 43T 456 345
GaAs
£, 049 122 .49 Wik 1,524
) 155 424 406 435 451"
) 202 274 280 A9 304"
£ 398 465 472 499 513
BeSe
£, 404  Sd6 525 S92 5.55°
g 501 648 578 675 7.29¢
K, 508 637 600 695 h, | 5°
E 681 83| 748 8,64 BAT
k. 502 643 M6 682 b.36"
BeTe
EJX-T,) 160 259 247  2.88 2.7, 280
Ey 328 433 3.91 4.58 420"
E 397 497 461 5.28 469"
ks 433 537 499 568 S04
MeSe
£ 247 408 372 471 4.23'
MgTe
Eq 220 Fe6 3131 420 357

A.Fleszar, PRB 64, 245204 (2001)
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Fundamental band gap in semiconductors
and insulators

Hartree-Fock

gap AHF = EHF(N+1) -2 EHF(N) + EFF(N - 1)
= €y, T(N) — € (H(N)

DFT with exact exchange (OPM)

gap Al_m,},”?” = EOPM(N+1) — 2 EOPM(N) + EOPM(N - 1)
= Eny(N) -E *5(N) + D,

discontinuity of v,

HF ~. FOPM HF -~ OPM



Orbital functionals for

the static xc energy
derived from TDDFT




ADIABATIC CONNECTION FORMULA

N N

H(l):T+éV (r-)+ 1 ié I 0<I1 <1
o Y 2 @,kzllri' rkl
. o
H( 1=1)=T+aA v,.lr) + =aA
( ) o ( ) 2 i,k:1|ri_ rkl

itk

= Hamiltonian of fully interacting system

Choose v, (r) such that for each | the ground-
state density satisfies 1, (r) =1, _,(r)

Hence V) _o(T) = V(1)
Vi =1(r) - Vnuc(r)

Determine the response function ¢ )(r,r';w)
corresponding to H(l ), Then

E, = chu %Jd%Jd%-ﬁ{c“ i) +1 (1) 1)
0 0




Second ingredient: TDDFT

M= CsVg1= CS(V1+[Wclb+fxc]rl)
= Cv,

CVI :Cs (Vl + [Wclb+fxc]CV1)

= C:CS+CS[Wclb+fXC]C

truncate after first iteration:

X(}\) = Xs + Xs [}\ Wclb T fxc()\)] Xs

plug this approoximation into adiabatic
connection formula,
integrations over A and o can be done

analytically

=> Orbital functional for E_



- static RA]
s \
8 PGG -
“" .2 -
W Z
o -/ RPA T
I | I 1 J_ I i
0 5 10 15

r (A.u.)

r-dependent deviation of approximate
correlation energies from the ‘‘exact”

correlation energy per electron of the uni-form
electron.

M. Lein, E. K. U. G., J. Perdew, Phys. Rev. B 61, 13431 (2000).



truncate after first iteration:

XM =y +
Xs [}\ Wclb + fxc(k)]Xs

plug this approoximation into adiabatic
connection formula, integrations over A

and o can be done analytically

=> Orbital functional for E_



Resulting Atomic Correlation energies (in a.u.)

atom LDA new exact
fctl
He -0.111 -0.048 -0.042
Be -0.224 -0.13 -0.096
Ne -0.739 -0.41 -0.394
Ar -1.423 -0.67 -0.72




Resulting v.d.W. coefficients C,

system
He-He
He-Ne
Ne-Ne
Li-Li
Li-Na
Na-Na
--He
H-Ne
H-Li
H-Na

Calculated C,

1.639
3.424
7.284
1313
1453
1614
2.995
5.976
64.96
15.4

experimen
1.458
3.029
6.383
1390
1450
1550
2.82
5.71
66.4
71.8

Lein, Dobson, EKUG, J. Comp. Chem. (‘99)



Review articles on time-dependent

DFT/excitation energies, and OPM

Density-functional theory of time-dependent
phenomena. E. K. U. Gross, J. F. Dobson. M.
Petersilka, in: Topics in Current Chemistry, vol.
181, edited by R. Nalewajski (Springer, 1996),
p. 81-172

A guided tour of time-dependent DFT. K. Burke, E.
K. U. Gross, in:Springer Lectures Notes in
Physics, vol. 500 (1998), p. 116-146

Orbital functionals in density functional theory: the
optimized effective potential method. T. Grabo,
T. Kreibich, S. Kurth, E.K.U. Gross, in: Strong
Coulomb Correlations in Electronic Structure:
Beyond the LDA, edited by V.I. Anisimov
Gordon & Breach (2000), p. 203-311.



DICHROISM IN THE
FREQUENCY-DEPENDENT RESPONSE
OF SUPERCONDUCTORS

E. K. U. GROSS
Freie Universitiat Berlin

OUTLINE

1. Relativistic theory of superconductivity
2. Dichroism in Superconductors

CO-WORKERS

Klaus Capelle
Balazs Gyorffy

http://www.physik.fu-berlin.de/~ag-gross



Relativistic Effects in Superconductors

[—EV+—}1")
—Zj ) S (1) ) [

o=

(r,r) x(r,r) + A(r,r') " (r.1'))

‘-—-—1

H :J @ c}' :V)—{-mc +j/#A“l‘l‘(r
+

¥(r) = Dirac spinor field operator

QUESTION: What is the correct relativistic
generalization of the non-
relativistic order parameter

f(r.,r’) 7



non-relativistic order parameter

homogeneous case: C: —<a1;_ a_k»—>

spherical case: Cim = <§ . m é—l,_ m)

general case: C= (" ] .. >

astate atlme- reversed state

(Kramers pair)

require relativistic generalization of order
Parameter to be a Kramers pair

C(r,r') = Y t(r)T? (r')

with time reversal operator

T= _aes 09
Resulting relativistic order parameter Crel jg

Lorentz scalar

:Jd3r? (r)(cg - iN)+mc’ + gnAn)? (r)
-J d3rfd r' (D* (r,1')C ., (1,1") +H.C.)




DIRAC EQUATION FOR
SUPERCONDUCTORS

Polcy - p+me(1-7°)+qr* 4, Ju,(r)
+J d3]" A(r’ r')ﬁﬂvi?(r') = E”H”(r)

_j;{] Cj? ' IE' + mcz(l o j;{]) 5 qy‘uA,u ]:Fvn(r)
B J d:ir! &$(r’ I" )ﬁ{}un(r') - E;?Vu(r)

"
Particle amplitudes u,,

> are Dirac spinors

Hole amplitudes v,
w



special case

uniform system: v(r)= COHSt °0

D(r,r')=D(r- r')= J(2 )

no magnetic fields: ;&(r) °0

1k(r r')

P spectrum

2
E :iJ(i\/hzkzcz+mzc4 - mc’- m) +‘D(k)‘2

Ek 3/ Dirac spectrum (for particles and holes)
E, ?/45’{434@ BCS spectrum




Non-relativistic limit of Dirac BdG equations

([71= =\2
l:(ﬂ'z';:') +(v(r)—pl)] ﬁ(r}(fﬂ'ﬁ__) u(r))
(6°-7) -
| (—io, )A'(r) —[ - +(V(r*)‘#)] v(r))
Moace it
YT
H{)

u(r) and v(r) are PAULI spinors, and

weakly relativistic limit, up to order (v/c)?

ol

d, = 4};62 (h; VA + h&-(ﬁ&)x ;’5)

Off-diagonal spin-orbit and Darwin terms

(u(r))

(v(1),



What Kkind of effects should one look at?

Type 1: relativity provides correction to effect
which exists non-relativistically

e.g.
e Cooper pair mass/London moment
e Shift in energy spectrum

Type 2: relativity produces effect which 1s not
present non-relativistically

c.g.
e Dichroism
e SOC induced Josephson currents




What 1s circular dichroism?

PLR(w) = power absorption of L/R circularly
polarized light with frequency w

The occurrence of DP(w) © PH(w) - PR(w) 1 0
1s called circular dichroism.

Where 1s dichroism observed?

A: materials where parity is broken (sugar)

B: simulations where time-reversal symmetry 1s
broken
1. either by an external magnetic field
2. or by an “internal” magnetic field
(due to ferromagnetic order)

type B dichroism is a relativistic effect.



Outline of the calculations:

unperturbed system: inhomogeneous superconductor
* described by Spin-Bogolubov-de Gennes equations

time-dependent perturbation: polarized light
e treated with golden rule for superconductors

stationary perturbations: diagonal spin-orbit coupling
off-diagonal spin-orbit
coupling
external magnetic field
* treated with Ist order stationary perturbation theory

Result:

power absorption in superconductors as
a function of
frequency w
polarization |
temperature T
magnetic field H
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dichroism. The other mechanisms are excluded from the calcula-
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FIGi. 2. Dichroism ratio vs ¥ at small magnetic fields. A strong

coherence peak % seen close to T, . while near T=(0 the curve
approaches 0,

K. Capelle, E.K.U.G., B. L. Gyorffy, Phys.Rev. Lett. 78,3753 (1997)
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Further details on the relativistic framework
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Further details on dichroism in superconductors
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